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Abstract 

For a specific exactly solvable 2x2 matrix model with a PT-symmetric Hamiltonian 
possessing a real spectrum, we construct all the eligible physical metrics G > and 
show that none of them admits a factorization O = CV in terms of an involutive 
charge operator C. Alternative ways of restricting the physical metric to a unique 
form are briefly discussed. 
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1 Introduction 



The recent perceivable growth of interest in quasi-Hermitian Hamiltonians H ^ 
with real spectra (cf. the Appendix for a brief description) has, amongst other rea- 
sons, received an impetus from their possible deep relevance in field theory [1]. Using 
several numerical methods the authors of the latter pioneering letter demonstrated 
that the family of the manifestly non-Hermitian Hamiltonians 

possess (only) real energies En{i^) which smoothly vary with the exponent v > In 
the limit i/ ^ O"*" this spectrum coincides with the well-known harmonic oscillator 
equidistant set £'„(0) = 2n -|- 1, n = 0, 1, . . . in units where % — 2m — 1. 

Although these observations have only been supported by rigorous proofs a few 
years later [2], the appealing contrast between the manifest non- Hermiticity of the 
Hamiltonian (1) and the strict absence of any instability of the levels (Im£'„ = for 
all n) proved inspiring [3]. Bender and Boettcher's hypothesis that the manifest VT- 
symmetry, H{v)VT — VTH{v), of the Hamiltonian in question (where V indicates 
parity and T is complex conjugation [4]) underpins this property, has been confirmed 
by the strict reality of the spectrum in a number of exactly solvable examples [5]. 
Moreover, Mostafazadeh [6] then broadened the range of the hypothesis by pointing 
out that Hamiltonians with similar properties may be identified among all the pseudo- 
Hermitian operators which appear Hermitian in a suitable indefinite (pseudo) metric 
generalization r) of parity, 

H^ = riHr]-\ 7] = r]K (2) 

Alternatively, in the hght of the recent studies [7] one may select the "generahzed 
parity" rj in eq. (2) as a non-Hermitian operator, provided only that the product 
S — [77"^]^ 77 7^ / remains a symmetry of our Hamiltonian, HS — SH. 

Coming full circle, the focus then returned to a re-discovery of the well-known 
fact that the compatibility of all similar models with the postulates of Quantum 
Mechanics necessitates that besides the property (2), all the models in question must 
afeo satisfy another, independent condition, termed quasi- Hermiticity [8]: 

H^ = eHe-\ e = e^>o. (3) 
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The symbol © for the positive definite metric here replaces T, originally introduced 
in the paper [8] (where the terminology quasi-Hermitian was coined), and which 
may now be confusing in view of the central role of the time-reversal operator T in 
PT-symmetric quantum mechanics. In related more recent literature one also finds 
some alternative symbols, e.g. 77+ [6], CV [9], U [10], VQ [11], all of them referring 
to the metric in the Hilbert space H of physical states. 

2 Ambiguity of the metric 

One has to note and emphasize that the specification of the operator O from the 
Hamiltonian does not determine the metric uniquely [8]. Indeed, once we fix H, the 
linear eq. (3) may lead to many different positive and Hermitian solutions O ([12], 
cf. Appendix). The existing approaches to determine a unique 6 from subsidiary 
conditions include 

• a systematic introduction of further "external" observables to complete, with 
the Hamiltonian, an irreducible set of observables. Requiring the associated 
operators Ai, A2, ... to be quasi-Hermitian with respect to the same metric 
0, then completely eliminates any remaining freedom in [8]; 

• a requirement that the metric be factorized using a "charge" operator C: 
C = eV-^ [13], or "quasi-parity" Q = V'^Q [14]. Then, the key idea of 
the reduction of the freedom in relies on the "natural" involution properties 

— I and = I, respectively; 

• a separable representation of which enables one to fix the free constants in 
each term separately [15]; 

• a transition to the partial-differential-equation re-arrangement of the quasi- 
Hermiticity condition (3) which reduces the ambiguity of by the specification 
of the related boundary conditions [16] . 

Some of these alternatives are discussed here via an explicit analysis of a schematic 
model. 
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2.1 A 2 X 2 matrix example 

Consider an harmonic oscillator basis in which parity is explicitly indicated, { |n, ±) }. 
(Here n = 0, 1, . . . with parity + or — ). Generically [17], Hamiltonians Hlu) of the 
complex symmetric type (1) will take the schematic infinite-dimensional real, but 
non-symmetric, form 

when represented in a basis which uses normalized states of the form \n, +) and 
i\n',—), with S and L symmetric, and B not necessarily so. (A specific example is 
the well studied imaginary potential V{x) — ix^ which has non-zero matrix elemenets 
only between basis states with different parity; these matrix elements are then real 
with our choice of basis.) 

The usual hermiticity property of Hamiltonians is here replaced by a matrix 
version of the pseudo-Hermiticity of H with respect to the indefinite (pseudo) metric 
matrix P, 




A "better" basis might have been chosen such that both the matrices S and L become 
diagonal. 

In order to clarify the essence of the model (4) let us contemplate a violation 
of the parity by such an ad hoc potential which leaves just a single matrix element 
in the matrix B of eq. (4) different from zero, Bu 7^ 0. In such a situation (with 
diagonal S and L) the coupling is only introduced between the /— th even energy Sn 
and the J— th odd energy Ljj. Hence, the solution of the full Schrodinger equation 
degenerates to the analysis of the two-dimensional matrix problem 






H= : - . (6) 



In contrast to our previous considerations, we have to deal here with only three real 
matrix elements. 
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We emphasise that the T'T-symmetric matrix Hamiltonian (6) could also have 
been written down without any reference to the Hamiltonian (1), the present link 
only serving as additional motivation. 



2.2 The metric 9 

For the sake of simplicity we may drop the subscripts and shift the origin of the 
energy scale in eq. (6), 

p = 7?-i = ( ^ ° 1 = :pt (7) 
Remember that our first requirement is that all the eigenvalues, viz, the doublet 




remain real, i.e., 

B — D cos a, E± — ±D sin a, a e (0, tt) . 

We have to exclude both the endpoints a = 0, tt where one encounters the excep- 
tional point (i.e., the geometric and algebraic multiplicities of = become different 
there). Also the point a = n/2 is not interesting since our Hamiltonian becomes di- 
agonal and Hermitian there. Finally, wc may choose any overall factor D and assume 
that a G (0,7r/2) without any loss of insight mediated by the model. Equation (7) 
becomes replaced by its still fully representative one-parametric D = 1 version 




H=\ I. (8) 



To this Hamiltonian we now have to assign a Hermitian metric operator containing 
four real parameters in general. 



e 



This operator must satisfy eq. (3), QH = H^Q. Insertion of this general form 
of shows that the quasi-hermiticity condition (3) implies two restrictions on the 
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parameters of the metric: 



26= -(a + 0?) cos a; c = 0. (9) 

We must furthermore demand that h^Q^a + d = 2Z, otherwise the metric 
could not be positive (or negative) definite as required. In this notation we may put 
a = Z{1 + ^) and d = Z{1 — ^) with any real ^. 

The scale factor Z is again arbitrary and may be set equal to one. In this way 
we arrive at the most general solution of our present N = 2 version of eq. (3), 

(1 + £ — cos a \ , , 

— cos a i — q J 

For such a two-dimensional matrix family both the eigenvalues are available in closed 
form, 

e± = 1 ± y^^q^^^^ . 

It is simple to conclude that both of them remain non-degenerate and positive if and 
only if 



1 > V^^ + co^^ a > . (11) 

This means that we may set 

^ = sin a sin 7, 7e[0, 7r/2) (12) 

with one independent free real parameter 7. This completes our construction of the 
general metric ©. 



3 Viable restrictions to fix the metric 

Although all the so-called PT— symmetric Hamiltonians H 7^ iJ^ with real spectra 
can be treated as Hermitian with respect to many nontrivial ad hoc metrics 67^/, 
the choice of restrictions to obtain a unique "physical" metric ©phys remains largely 
unchartered. Several aspects of this open problem may be discussed via our highly 
schematic two-state model. 
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A real and symmetric © may also be generated directly from the bi-orthogonal 
set of eigenstates of H whenever a pseudo-Hermitian Hamltonian is diagonalizable 
in a suitable bi-orthogonal basis (see Ref. ([6], and also eq. (18) in the Appendix 
below) . 

3.1 Establishing an irreducible set of observables 

As we already mentioned, there have been several proposals to reduce the freedom 
in the choice of © which may be chosen as any solution of the operator eq. (3). In 
particular, the authors of Ref. [8] showed that one has to choose a set of irreducible 
or "natural" observables An and to demand that 



for all of them. However, different choices will lead to different quantum mechanical 
frameworks, and there is no general algorithm whereby the set may be completed 
after an initial choice of an observable (or observables) has been made to supplement 
the Hamiltonian. Under such a scenario let us assume that the "natural" observables 
Aj will mimic the "irreducible" set of coordinates x and momenta p (as mentioned 
in ref. [8]) by being represented by the Hermitian matrices. 



Such a family of the observables, characterized, a priori, by the three real param- 
eters A, B and D must remain compatible with the original quasi- Hermiticity con- 
straint (13). This represents (for all possible j) the constraint 



As the choice oi B — Q would imply that ^ ~ / are trivial, we are allowed to assume 
that B 0. In this way the choice of a single Ai — A fixes the freedom in our 
physical metric operator completely. 



[AT = e^© 



-1 



(13) 




2^B= {D-A) cos a. 



D-A 



2B 



cos a . 
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We may conclude that the approach proposed in ref. [8] fixed the parameter in our 
toy metric and leads to unique "physics" . 

It is instructive to notice that for the latter purpose one, and only one, general 
auxiliary observable Ai proved sufficient in our schematic model. It will be interesting 
to find some other and, hopefully, less schematic models with this property, which 
seems to be reminiscent of one-dimensional standard quantum mechanics where x 
and p form an irreducible set, the Hamiltonian generally being an auxiliary or derived 
operator, H — H{x,p). 

3.2 Factorization in terms of a charge operator 

Our final comment concerns the connection of our example with the popular postulate 
of the factorization © = CV accompanied by the requirement that the factor C may 
be interpreted as an operator of a "charge" with the property — I (cf., e.g., ref. 
[9] . In our example we may easily derive the explicit formula 



Obviously, the requirement — I implies that ^ = 0. This forces us to set cos a = 0. 
We see that this in fact eliminates all the nontrivial Hamiltonians in our family. 
In other words, for all the non-diagonal non-Hermitian models with a 7^ 7r/2 the 
involutive charge operator does not exist at all. 

4 Conclusion 

We have motivated and studied a particular 2x2 T'T-symmetric matrix Hamiltonian, 
characterizing and constructing from various points of view a unique positive definite 
metric which would render the Hamiltonian quasi- Hermitian, and thus amenable to 

a standard quantum mechanical interpretation. 

We conclude that while it is possible to find such metrics, the insistence on fac- 
torisation, = CV, which is usually enforced in PT-symmetric quantum mechanics, 
is inapplicable here. Note in this respect that the Hamiltonian matrix (4) is non- 
symmetric, in contrast to the 2x2 model studied by Bender et al [13] for which 




(1 + - cos^ a 
—2^ cos a 



2{ cos a 
(1 — — cos^ a 
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a C-operator had in fact been constructed. In general further work is called for to 
elucidate the construction and implications of various approaches to identify and 
implement a unique metric in quasi- Hermitian quantum mechanics. 
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Appendix: Metrics B 7^ / in Hilbert space 



According to the standard postulates of Quantum Mechanics, the states of a given 
system may be represented by elements 1-0) of a Hilbert space ?i, endowed by a 
positive definite metric 6. The statement about the metric is mostly omitted, as the 
standard metric © = 7 in L^(— oo, oo) is assumed. A system is then fully character- 
ized by a set of its observable characteristics, e.g. by the energy E and by some other 
real, measurable quantities a^, i = 2, 3, . . . , N^°^^\ expected to lie in some respective 
subsets T>i of IR. 

As pointed out in Ref. [8] the framework of Quantum Mechnics remains intact 
when a positive definite metric Q ^ I is introduced. In such a context the quantum 
description of any system requires that its observables Oj are represented by the 
operators Ai in H which are Hermitian with respect to the "physical" metric ©, 

Al = eAie-\ (14) 

Such operators, including H, have been termed "quasi-Hermitian" in Ref. [8]. 

The concept re-emerged in the framework of PT— symmetric Quantum Mechanics 
[1] where H ^ H\ so that, typically, one must solve not only the "direct" Schrodinger 
bound-state problem, but also its Hermitian conjugate partner, 

H\n) = Er,\n), {{n\ H = {{n\ E^, . (15) 

Here wc employed the matrix-algcbra-inspired "left-action" convention and intro- 
duced a double bra symbol ((n| for the conjugate eigenkets of W . 

Focussing on the Hamiltonian H ^ only, the spectrum may be degenerate 
(and/or complex where no > exists), while the related set of wave functions may 
also prove incomplete in general. All such degeneracies will be skipped and avoided 
in this short exposition. Thus, we may assume the biorthogonality (((n|m) = iff 
m ^ n) and completeness of our bound states, as well as the existence of a metric 
© 7^ 7 in the Hilbert space, rendering the Hamiltonian quasi-Hermitian, 

77t = ©77©-\ © = ©t>0. (16) 



(See Ref. [8] for more details.) The insertion of the formal spectral expansion 

1 

{{n\n 



oo -1 



n=0 
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into eq. (16) indicates that 



(18) 



Inserting the spectral form (17) and this ansatz into the defining eq. (16), leads to 
the conclusion that the array of coefficients must remain diagonal, Sn,m — 5n,m Sm, 



These coefficients must be real (due to the Hcrmiticity requirement = 0''') and 
positive (in order to guarantee the positive-definiteness of > 0). This presents 
an explicit construction of the metric 0, the remaining freedom in of course 
again reflecting the fact that quasi-Hermiticity of the Hamiltonian alone does not 
determine the metric uniquely. 



= ^ \m))sm{{m 



(19) 



m 
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